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Abstract
LetΣ be a Seifert fibered homology sphere and τ the complex conjugation involution on Σ viewed
as a link of singularity. We study the equivariant topology of SU(2) representation space of π1(Σ)
with respect to the involution induced by τ . As an application we prove splicing additivity in the
Floer homology of Seifert fibered homology spheres.
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Let Σ be a Seifert fibered homology 3-sphere and R(Σ) the space of SU(2)-rep-
resentations of its fundamental group modulo conjugation. The space R(Σ) has been
extensively studied in order to determine the Casson invariant and the Floer homology
groups of Σ . It was shown that the connected components of R(Σ) are closed smooth
orientable manifolds of even dimensions [4] which have the structure of non-singular
rational projective varieties, see [1,7]. Furthermore, it was shown in [8] that, for every
connected component R of R(Σ), there exists a Morse function φ :R→ R with only
even index critical points.
Every Seifert fibered homology sphere Σ admits an involution τ induced by the
complex conjugation on Σ viewed as the link of complete intersection singularity. The
purpose of this paper is to study the involution τ ∗ :R(Σ)→R(Σ) which τ induces on the
representation space. Our main results are as follows.
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The involution τ ∗ preserves the connected components of R(Σ) and thus defines an
involution τ ∗ :R→R on each of them. Denote by Rτ the fixed point set of τ ∗ :R→R
then Rτ is a closed smooth manifold, not necessarily orientable, whose dimension equals
half the dimension of R. Moreover, there exists a Morse function φ :R→ R which has
the following properties. It is invariant with respect to τ and all its critical points belong to
Rτ and have even Morse index. In particular, if φτ :Rτ → R is the restriction of φ onto
Rτ then φτ is a Morse function which has the same critical points as φ. We show that, at
every critical point, the Morse index of φτ equals half the Morse index of φ.
The paper begins with an example of a Morse function on CPn endowed with complex
conjugation involution which exhibits a similar behavior. Complex projective spaces are
known to occur among connected components of R(Σ), however, we do not know if
the involution τ ∗ is in fact a complex conjugation on any of them. In general, it seems
reasonable to inquire whether the involution τ ∗ :R→R is the complex conjugation with
respect to some complex structure onR.
In the last section of the paper, we use the aforementioned results to derive a closed form
formula for the Floer homology of Seifert fibered homology spheres. Such a formula was
earlier obtained in [14] by first proving it for Seifert fibered homology spheres with three
singular fibers and then using the splicing additivity of [13] to prove the general formula.
The approach developed in this paper provides a direct proof of the general formula as well
as an independent proof of the splicing additivity of [13].
The author is thankful to the referee for valuable suggestions.
1. An example
Let CPn be complex projective n-space and view its points as equivalence classes of
(n + 1)-tuples (z0 : z1 : · · · : zn) of complex numbers, with ∑ |zk|2 = 1. Following [9],
choose (n+ 1) distinct real constants c0, c1, . . . , cn and define a function φ :CPn →R by
the formula
φ(z0 : z1 : · · · : zn)=
n∑
k=0
ck|zk|2.
This is a Morse function with critical points p0 = (1 : 0 : · · · : 0), p1 = (0 : 1 : · · · : 0),
. . . , pn = (0 : 0 : · · · : 1). In a neighborhood of p, function φ is of the form
φ = c +
∑
k =
(ck − c)
(
x2k + y2k
)
where xk + iyk = zk · |z|/z. In particular, the index of φ at p equals twice the number
of k with ck < c.
Let τ :CPn →CPn be the complex conjugation, τ (z0 : z1 : · · · : zn)= (z¯0 : z¯1 : · · · : z¯n).
One can easily see that both φ and all its critical points are invariant with respect to τ . The
fixed point set of τ is the real projective space RPn. The restriction φτ :RPn →R of φ is
a Morse function whose critical points are again p0, p1, . . . , pn. In the local coordinates
xk + iyk around a critical point p, the action of τ is given by xk + iyk → xk − iyk , hence
locally
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φτ = c +
∑
k =
(ck − c)x2k .
Thus we see that the index of φτ at p equals the number of k with ck < c, which is half
the index of φ.
2. Topology of Seifert fibered homology spheres
For every choice of n  3 pairwise relatively prime integers a1, . . . , an greater than or
equal to two, there exists a unique Seifert fibered homology sphere Σ(a1, . . . , an) with
singular fibers of degrees a1, . . . , an. It can be described as the link of isolated singularity
at zero of the complex variety
VC =
{
ci1z
a1
1 + · · · + cinzann = 0, i = 1, . . . , n− 2
}⊂Cn
where C = { cij } is an ((n− 2)× n)-matrix of real numbers such that each of its maximal
minors is non-zero, see [11]. Thus
Σ(a1, . . . , an)= VC ∩ S2n−1,
and the resulting manifold Σ(a1, . . . , an) is independent of the choice of C up to
orientation preserving diffeomorphism. The complex conjugation on VC induces an
involution on Σ(a1, . . . , an),
τ (z1, . . . , zn)= (z¯1, . . . , z¯n), (1)
which makes Σ(a1, . . . , an) into a double branched cover of S3 with branch set
a Montesinos knot, see [2,14]. The fundamental group π = π1Σ(a1, . . . , an) has
presentation
π = 〈x1, . . . , xn,h | h central, xaii = h−bi , x1 · · ·xn = 1〉
where the bi are integers satisfying the equation a1 · · ·an ·∑bi/ai = 1. The involution τ
induces an involution τ∗ :π → π on the fundamental group, which acts by the rule
τ∗(h)= h−1, τ∗(x1)= x−11 , τ∗(x2)= x1x−12 x−11 , . . .
τ∗(xn)= x1 · · ·xn−1x−1n x−1n−1 · · ·x−11 ,
see [2, Proposition 12.30]. It is often more convenient to work with another set of
generators of π , namely, t1 = x1, t2 = x1x2, . . . , tn−1 = x1 · · ·xn−1 = x−1n , and h. In these
generators, the action of τ∗ is particularly simple,
τ∗(h)= h−1 and τ∗(ti)= t−1i for i = 1, . . . , n− 1.
3. Equivariant topology ofR(Σ)
Let Σ = Σ(a1, . . . , an) be a Seifert fibered homology sphere and π its fundamental
group. We wish to describe the representation space
R(Σ)= Hom(π,SU(2))/SO(3),
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where SO(3)= SU(2)/{±1} acts by conjugation, and the induced action
τ ∗ :R(Σ)→R(Σ).
We will use the usual identification of the group SU(2) with the group of unit quaternions
S3 ⊂H. The standard basis in H will be denoted by 1, i, j , and k. One can easily see that
the conjugacy class of a unit quaternion q is uniquely determined by its real part, Re(q).
Define the function d :S3 → [0,π] by d(q) = arccos(Re(q)), which is just the distance
from q to the identity element 1 ∈ S3 in the spherical metric. Then the conjugacy classes
are the point inverses of d . They are 2-spheres except in the extreme cases of q =±1.
3.1. Admissible sequences
Suppose that α :π → SU(2) is a representation. If α is reducible then α is trivial because
H1(π,Z) = 0. The trivial representation is an isolated point in R(Σ). If α is irreducible
then α(h)=±1 because h is central element, and at most n− 3 of the α(xi) can be equal
to ±1. The relations in π imply that each α(xi) is an ai th root of ±1. More precisely, let
H = α(h)=±1 then d(α(xi))= πi/ai where

0 i  ai, and
i is even if Hbi = 1,
i is odd if Hbi =−1.
(2)
This associates with every representation α :π → SU(2) a sequence of integers (H, 1,
. . . , n) satisfying the condition (2). Conversely, not every sequence (H, 1, . . . , n)
satisfying (2) defines a representation: for that, there must exist X1, . . . ,Xn ∈ S3 such
that d(Xi) = πi/ai and X1 · · ·Xn = 1. Sequences (H, 1, . . . , n) which define a
representation α :π → SU(2) are called admissible.
Admissible sequences are in one-to-one correspondence with the connected compo-
nents of R(Σ), see [8, Lemma 2.7]. The trivial representation corresponds to the admis-
sible sequence (1,0, . . . ,0). Otherwise, the connected component corresponding to an ad-
missible sequence (H, 1, . . . , n) is a closed smooth orientable manifold of dimension
2k− 6 where k is the number of πi/ai different from 0 and π , see [4].
Proposition 1. Any two representations α and τ ∗α belong to the same connected
component ofR(Σ).
Proof. The admissible sequences associated with α and τ ∗α are the same: even though α
and τ ∗α need not be conjugated, one can easily see that
d
(
α(h)
)= d((τ ∗α)(h)) and d(α(xi))= d((τ ∗α)(xi))
for all i = 1, . . . , n. ✷
3.2. Linkages
To describe the topology of the connected components of R(Σ), we follow [8] and
introduce the following concept. A k-linkage Λ = (σ1, . . . , σk) in S3 is a union of struts
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σi which are oriented geodesic arcs of lengths greater than 0 and less than π such that the
initial point of σ1 is equal to 1 ∈ S3 and the endpoint vi−1 of σi−1 is equal to the initial
point of σi for each i = 2, . . . , k. The ordered sequence (v1, . . . , vk−1) will be referred to
as the vertices of the linkage. A linkage (σ1, . . . , σk) is called free if the endpoint of the
strut σk can be any point in S3, and it is called closed if the endpoint of σk is required to
be 1 ∈ S3.
If numbers r1, . . . , rk ∈ (0,π) are given then the union of all free linkages such
that the strut σi has length ri forms a space homeomorphic to (S2)k . This space
will be called the configuration space of free k-linkages with lengths r1, . . . , rk and
denoted by F(r1, . . . , rk). It contains the configuration space of closed linkages of lengths
r1, . . . , rk denoted by C(r1, . . . , rk). For any choice of lengths r1, . . . , rk ∈ (0,π), the space
C(r1, . . . , rk) is connected, see [8, Theorem 2.5].
The group SO(3) acts freely on both F(r1, . . . , rk) and C(r1, . . . , rk). This action is
induced by the SO(3) action on S3 by conjugation. Geometrically, this is the action on
S3 by isometric rotations preserving points 1 and −1. We will denote the orbit spaces
respectively by F̂ (r1, . . . , rk) and Ĉ(r1, . . . , rk).
The isometric involution on S3 given by inverting (or conjugating) union quaternions,
q → q−1 = q¯ , defines an involution on linkages by inverting their vertices. It is well
defined on the orbit spaces, F̂ (r1, . . . , rk) and Ĉ(r1, . . . , rk), and in all instances will be
called τ .
3.3. Representations and linkages
With every admissible sequence (H, 1, . . . , n), Kirk and Klassen [8] associate a space
Ĉ(r1, . . . , rk) as follows. Let k denote the number of πi/ai different from 0 and π . To
define the sequence (r1, . . . , rk) with ri ∈ (0,π), proceed by induction. Start with the
sequence (π1/a1, . . . , πn/an) and eliminate all the elements which are equal to zero.
Next, eliminate all adjacent pairs (π,π) and replace any pair (π, x) by the element π − x .
Finally, if the last pair is (x,π) replace it by the element π − x . Then (r1, . . . , rk) is the
sequence that remains (this sequence is non-empty unless we started with the admissible
sequence corresponding to the trivial representation). We call the sequence (r1, . . . , rk)
with ri ∈ (0,π) admissible if it is obtained by this process from an admissible sequence
(H, 1, . . . , n). Note that, for a non-empty admissible sequence (r1, . . . , rk), the space
C(r1, . . . , rk) does not contain any linkages all of whose struts belong to the same geodesic
circle.
It is not difficult to see that the connected component of R(Σ) corresponding to an
admissible sequence (H, 1, . . . , n) is diffeomorphic to Ĉ(r1, . . . , rk) where r1, . . . , rk
are obtained from (H, 1, . . . , n) by the above process. If k = n then a a representation
α defines a linkage by letting its vertices be α(t1), . . . , α(tn−1). If k = n then some of the
α(xi) are equal to ±1 and the set of vertices of the corresponding linkage consists of all
distinct α(ti ), some of which should be negated, see [8, Lemma 2.7] for details.
The involution τ on Ĉ(r1, . . . , rk) given by inverting linkage vertices is precisely the
one induced by τ ∗ :R(Σ)→R(Σ) via the above identification.
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3.4. Fixed point of τ ∗ and linkages
It is worth mentioning an explicit description of the fixed point set of τ ∗ :R(Σ) →
R(Σ) suggested to us by the referee. This description is not needed for the proof of our
main theorem but it seems interesting in its own right.
Let α :π1(Σ)→ SU(2) be an irreducible representation whose conjugacy class is fixed
by τ ∗ then there exists u ∈ SU(2) such that τ ∗α = u ·α ·u−1. Observe that u2 belongs to the
stabilizer of α. Since α is irreducible this implies that u2 =±1, and with a bit of extra work
one can show that in fact u2 =−1. Note that all the u having this property are conjugate to
each other. Let us fix u= k then the vertices α(ti ) of the linkage corresponding to α satisfy
the equation α(ti )−1 = k · α(ti ) · k−1 and therefore the entire linkage lies in the 2-sphere
S2k = S3 ∩ {k = 0}.
Let R be a connected component of the space R(Σ) corresponding to an admissible
sequence (H, 1, . . . , n). The fixed point set Rτ of the involution τ ∗ :R→ R is then
diffeomorphic to the configuration space of closed linkages in S2k of lengths given by
(H, 1, . . . , n) modulo isometric rotations of S3 preserving points 1 and −1 and taking
S2k to itself. In particular, the argument of Lemma 2.7 of [8] can be modified to show thatRτ is connected.
4. The Morse function
In the previous section we showed that each connected component of R(Σ) is
diffeomorphic to Ĉ(r1, . . . , rk) for some admissible (r1, . . . , rk). We also showed that these
diffeomorphisms translate the involution τ ∗ :R(Σ)→R(Σ) into an involution τ on each
of the Ĉ(r1, . . . , rk) given by inverting linkage vertices. The purpose of this section is
to construct for each Ĉ(r1, . . . , rk) a τ -equivariant Morse function φ : Ĉ(r1, . . . , rk)→ R
and describe its critical points. Our construction will follow that of [8] with some extra
precautions to assure that φ is τ -equivariant.
4.1. Canonical representatives
In working with equivalence classes of linkages, it is convenient to choose nice
representatives for each equivalence class. We say that a linkage is in good position if
its first strut is a complex arc{eiφ | 0 φ  r1}. Every equivalence class contains linkages
in good position because any unit quaternion can be conjugated inside S3 to a unit complex
number. Unless all the struts of a linkage are complex arcs, there are a circle’s worth
linkages in good position in its equivalence class: conjugation by a unit complex number
preserves the good position.
One can often choose a unique canonical representative in an equivalence class of
linkages. Suppose that (σ1, . . . , σk) is a closed linkage in good position not all of whose
struts are complex arcs (for instance, (σ1, . . . , σk) ∈ C(r1, . . . , rk) for some admissible
(r1, . . . , rk)). Renaming the struts if necessary, we can always assume that the last strut, σk ,
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is not a complex arc. Conjugation by unit complex numbers can be used then to place σk
into the 2-disc
H+ = S3 ∩ {j  0, k = 0}.
This procedure defines a unique linkage which canonically represents the conjugacy class
of (σ1, . . . , σk).
In terms of canonical representatives, the involution τ on Ĉ(r1, . . . , rk) can be described
as follows.
Lemma 2. Suppose that an equivalence class of linkages in Ĉ(r1, . . . , rk) is canonically
represented by a linkage Λ with vertices (v1, . . . , vk−2, vk−1). Then the conjugacy class of
τ (Λ) is canonically represented by the linkage with vertices (v1,kv−12 k
−1, . . . ,kv−1k−2k
−1,
vk−1).
Proof. The involution τ sends each vertex vi into its inverse, v−1i . Since both v1 and
vk−1 belong to H+, we have that v−11 = kv1k−1 and v−1k−1 = kvk−1k−1. The result now
follows. ✷
4.2. The construction
There are two natural maps which we will use in the construction. The first map is
g : Ĉ(r1, . . . , rk)→ F̂ (r1, . . . , rk−2)
which simply forgets the last two struts of a k-linkage. The other map is
f : F̂ (r1, . . . , rk−2)→[0,π]
which assigns to a free (k − 2)-linkage the distance from the endpoint of the (k − 2)nd
strut to 1 ∈ S3. Both f and g are τ -equivariant.
As the first step of the construction, we consider the function h= f ◦g : Ĉ(r1, . . . , rk)→
[0,π], which assigns to a closed k-linkage the distance from the endpoint of its (k − 2)nd
strut to 1 ∈ S3. This function is τ -equivariant, and its image h(Ĉ(r1, . . . , rk)) is equal
to the intersection of two closed intervals, [a, b] = f (F̂ (r1, . . . , rk−2)) and [c, d] =
f (F̂ (rk−1, rk)). Kirk and Klassen [8] show that h is Morse except possibly at c or d , the
two cases which will be covered in the second step of the construction. According to [8],
away from c and d , the critical points of h are the equivalence classes of closed k-linkages
whose first k − 2 struts lie in the complex circle.
Proposition 3. These critical points are fixed by τ .
Proof. Given a critical point of h, its canonical representative is a closed linkage with
vertices (v1, . . . , vk−2, vk−1) where v1, . . . , vk−2 are complex numbers, and vk−1 ∈ H+.
According to Lemma 2, the involution τ maps this linkage to a linkage whose canonical
representative has the vertices (v1, . . . , vk−2, vk−1) because kv−1i k
−1 = vi for i = 2, . . . ,
k − 2. Hence the action of τ is trivial. ✷
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The second half of the construction deals with the behavior of h near c and d . Suppose
that d ∈ h(Ĉ(r1, . . . , rk)) then h−1(d)= Ĉ(r1, . . . , rk−2, d), which is a critical manifold of
h of perhaps non-zero dimension. Choose a small δ > 0 and consider the neighborhood of
h−1(d) given by
Ĉ(r1, . . . , rk)[d−δ,d] = h−1
([d − δ, d]).
Lemma 4. For all sufficiently small δ > 0, the manifold Ĉ(r1, . . . , rk)[d−δ,d] is equivari-
antly diffeomorphic to a smooth D2-bundle over Ĉ(r1, . . . , rk−2, d).
Proof. Consider the manifold F̂ (r1, . . . , rk−2)[d−δ,d] = f−1([d − δ, d]) and note that, for
sufficiently small δ > 0, the function f on this manifold is Morse with no critical points.
Thus the gradient flow lines of f can be used to make the identification
F̂ (r1, . . . , rk−2)[d−δ,d] = Ĉ(r1, . . . , rk−2, d)× [0,1]. (3)
Since f is τ -equivariant, so are its gradient flow lines and hence the identification (3). The
composite
Ĉ(r1, . . . , rk)[d−δ,d]
g−→ F̂ (r1, . . . , rk−2)[d−δ,d] p−→ Ĉ(r1, . . . , rk−2, d),
where p denotes the projection on the first factor, is a τ -equivariant smooth map. The
inverse image of each point in Ĉ(r1, . . . , rk−2, d) is a 2-disc, since p−1(x)= [0,1] × {x}
and since g−1(x, t) is a circle if t = 1 and a point if t = 1. See Fig. 1 which represents
a small geodesic triangle in a neighborhood of 1 ∈ S3, with vertical line representing the
unit complex circle and with ξ1 marking the endpoint of the strut σk−2. It follows now that
Ĉ(r1, . . . , rk)[d−δ,d] → Ĉ(r1, . . . , rk−2, d) is a τ -equivariant smooth D2-bundle. ✷
Lemma 5. On each of the fibers of the D2-bundle Ĉ(r1, . . . , rk)[d−δ,d] → Ĉ(r1, . . . ,
rk−2, d) the involution τ is an orientation reversing isometry (thus τ (z)= z¯ if one views D2
as a complex disc).
Proof. Choose a canonical representative for an equivalence class of linkages in Ĉ(r1, . . . ,
rk)[d−δ,d] so that ξ1 ∈ H+, see Fig. 1. Then the action of τ on the pair (ξ1, ξ2) is given
Fig. 1.
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by τ (ξ1, ξ2) = (ξ−11 , ξ−12 ), which is conjugated to (ξ1,kξ−12 k−1). The vertex ξ2 gives a
complex coordinate on the corresponding fiber D2. The action ξ2 → kξ−12 k−1 is isometric
and has an interval’s worth of fixed point, namely, the intersection of D2 with H+. ✷
We can suppose by induction that h−1(d) = Ĉ(r1, . . . , rk−2, d) has a Morse function
k :h−1(d)→ R which is τ -equivariant. This Morse function can be extended to a Morse
function on the D2-bundle Ĉ(r1, . . . , rk)[d−δ,d] → Ĉ(r1, . . . , rk−2, d) by the formula
k˜(x, v)= k(x)− ‖v‖2. By Lemma 5, this function is τ -equivariant. Its critical points are
exactly those of k (with Morse index increased by 2). Again, by induction, these critical
points are fixed by τ . A similar argument applies to a neighborhood of c; in this case, we
use the function k˜(x, v)= k(x)+ ‖v‖2.
Both functions h and k˜ are constant on the level set h−1(d−δ) for any sufficiently small
δ > 0, therefore, we can glue them together along h−1(d − δ). Smoothing if necessary
using an (equivariant) collar in Ĉ(r1, . . . , rk)[d−δ,d] and repeating this procedure near c,
we obtain a desired Morse function
φ : Ĉ(r1, . . . , rk)→R
for any choice of admissible (r1, . . . , rk). The function φ is τ -equivariant and all its critical
points are fixed by τ .
4.3. The Morse index
Denote by φτ the restriction of φ onto the fixed point set of τ : Ĉ(r1, . . . , rk) →
Ĉ(r1, . . . , rk), then φτ is a Morse function with the same critical points as φ.
Proposition 6. Let Λ ∈ Ĉ(r1, . . . , rk) be a critical point of φ, respectively, φτ , and denote
its Morse index by ind(Λ), respectively, indτ (Λ). Then ind(Λ)= 2 · indτ (Λ).
Proof. We will proceed by induction keeping in mind that Ĉ(r1, r2, r3) consists of isolated
points and hence all Morse indices are equal to zero. Suppose that the result is proved for
all components Ĉ(r1, . . . , rk−1) and assume first that h(Λ) is not equal to c or d , compare
with the construction of φ above. Then Λ is represented by a linkage whose first k − 2
struts lie on the complex circle. Denote by (v1, . . . , vk−1) the vertices of Λ so that the
vi, i = 1, . . . , k − 2, are unit complex numbers. Kirk and Klassen [8] provide a simple
geometric parameterization of a neighborhood of Λ in Ĉ(r1, . . . , rk) by a product of 2-discs
D22 × · · · ×D2k−2
where D2i is a small neighborhood of vi in the 2-sphere Si−1 of radius ri centered at vi−1.
In this parameterization, the Hessian of φ is of the form
λ2
(
1 0
0 1
)
⊕ · · · ⊕ λk−2
(
1 0
0 1
)
,
where λi is negative or positive depending on whether vi is the north or south pole of Si−1,
see [8, Theorem 3.1] for detail. In particular, the index of Λ as a critical point of φ is
always even.
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Fig. 2.
Fig. 2 shows a parameterization of a neighborhood of a 6-linkage (the picture represents
a small neighborhood of 1 in S3), with λ2 < 0, λ3 < 0, and λ4 > 0.
To evaluate the Hessian of φτ at Λ we need to describe the action of τ on the spheres
Si−1. Let ξ ∈ Si−1 then ξ = a + bi + cj + dk and τ (ξ)= ξ−1 = a − bi − cj − dk. The
latter is conjugated by k to a linkage in good position, a+ bi+ cj − dk. Thus we see that
τ acts by reflection in the plane k = 0, with a circle’s worth of fixed points on each Si−1.
The Hessian of φτ then takes the form λ2 ⊕ · · · ⊕ λk−2 so that
ind(Λ)= 2 indτ (Λ).
If h(Λ) = d consider the bundle Ĉ(r1, . . . , rk)[d−δ,d] → Ĉ(r1, . . . , rk−2, d), compare
with Lemma 4. There is a neighborhood of Λ which is parametrized as the product of a
neighborhood of its image in Ĉ(r1, . . . , rk−2, d) and a disc D2. The Hessian of φ splits
according to this decomposition. The involution τ acts on D2 as an orientation reversing
isometry with fixed point set an interval, see Lemma 5. Using this fact, we conclude by
induction that ind(Λ) = 2 indτ (Λ) in this situation as well. A similar argument works in
the case h(Λ)= c. ✷
5. Application to Floer homology
Floer [5] used gauge theory to associate with every integral homology sphere Σ eight
Abelian groups Ik(Σ), k = 0, . . . ,7, called (instanton) Floer homology of Σ . We refer the
reader to [5] or [15] for all the definitions. Fintushel and Stern [4] and Kirk and Klassen [8]
developed an algorithm which in principle leads to calculation of the Floer homology of an
arbitrary Seifert fibered homology sphere Σ(a1, . . . , an). In this section we briefly recall
the algorithm and then provide a simple closed form formula for all I∗(Σ(a1, . . . , an)).
5.1. The algorithm
To compute I∗(Σ(a1, . . . , an)) by the aforementioned algorithm, we first make a
complete list of the connected components of R(Σ(a1, . . . , an)) and associate with every
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componentR a Morse function φ :R→R as in Section 4. Next we find the critical points
of each of the functions φ and calculate their Morse indices.
Suppose that α ∈ R is a critical point of φ :R→ R of index ind(α). Associate with
α two modulo 8 residues. The first one, called µ(α), is the spectral flow of a family
of odd signature operators connecting the trivial representation to α. It only depends on
the connected component R and can be expressed in terms of the admissible sequence
(H, 1, . . . , n) of α as follows. Suppose that πi/ai = 0 or π for i = 1, . . . ,m, and
πi/ai = 0 or π for i =m+ 1, . . . , n. Let a = a1 · · ·an and
e=
n∑
i=1
ai
ai
,
then, according to Fintushel and Stern [4],
µ(α)= 2e
2
a
− 3+m+
m∑
i=1
2
ai
ai−1∑
k=1
cot
(
πak
a2i
)
cot
(
πk
ai
)
sin2
(
πek
ai
)
.
In particular, µ(α) is always odd, see [4]. The other modulo 8 residue is µ(α,φ) =
µ(α)− ind(α); it is the Floer index of α. Since ind(α)= 0 modulo 2, Floer index µ(α,φ)
is always odd.
The critical points α graded by their Floer indices µ(α,φ) generate the Floer chain
complex, see [4] and also [15], Section 5.3.5, for a detailed proof. Since the Floer
chain groups are trivial in even dimensions, the boundary operators vanish and the Floer
homology groups coincide with the Floer chain groups.
This algorithm works best when n = 3 because in this case all connected components
R are isolated points and µ(α,φ)= µ(α). It becomes increasingly complicated as n grows
because of the non-trivial geometry of R(Σ(a1, . . . , an)). Even for small n the algorithm
slows down rapidly as the values of the ai grow.
5.2. The closed form formula
According to Taubes [17], the Euler characteristic of I∗(Σ) is twice the Casson invariant
of Σ . If Σ =Σ(a1, . . . , an) is Seifert fibered, this translates into
2 · λ(Σ(a1, . . . , an))=∑(−1)µ(α,φ) (4)
where the summation extends over all critical points of the Morse functions φ :R→R on
all connected componentsR of R(Σ(a1, . . . , an)).
Let τ be the involution (1) and denote by µ¯ the invariant of Neumann [10] and
Siebenmann [16], see also [14]. According to [3, Section 4.4],
2 · µ¯(Σ(a1, . . . , an))=∑(−1)µτ (α,φ) (5)
where µτ (α,φ) is the equivariant Floer index. The summation in (5) extends over all
critical points of the Morse functions φτ :Rτ → R. Since the critical points of φτ and
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φ coincide, see Section 4, the summation in (5) goes over the same representations as that
in (4).
Proposition 7. If α is a critical point of φ :R→R then
µτ (α,φ)= 1
2
(
µ(α,φ)+ 1).
Proof. Let α be a critical point of φτ :Rτ → R of Morse index indτ (α). The argument
of [15, Section 5.3.5] can be applied in the setting of [3] to identify the equivariant Floer
index as
µτ (α,φ)= µτ (α)− indτ (α).
Here, µτ (α) is the equivariant spectral flow of a family of odd signature operators
connecting the trivial representation to α. The equivariant index calculation in [14,
Section 5.2] can be repeated word by word to show that
µτ (α)= 1
2
(
µ(α)+ 1).
Keeping in mind that ind(α) = 2 indτ (α) by Proposition 6, we obtain the desired
formula. ✷
Theorem 8. Let Σ = Σ(a1, . . . , an) be a Seifert fibered homology sphere then its Floer
homology groups are free Abelian. Let bk be the kth Floer Betti number, that is, the rank
of the group Ik(Σ). Then bk = 0 if k is even, and
b1 = b5 =−1/2 ·
(
λ(Σ)+ µ¯(Σ)),
b3 = b7 =−1/2 ·
(
λ(Σ)− µ¯(Σ)).
Proof. According to Frøyshov [6], the Floer Betti numbers are four-periodic, that is,
b1 = b5 and b3 = b7. The formulae (4) and (5) are then equivalent to respectively
−b1 − b3 = λ(Σ) and −b1 + b3 = µ¯(Σ). The result is now immediate. ✷
It should be noted that the λ- and µ¯-invariants of Seifert fibered homology spheres are
easy to compute explicitly in terms of integral lattice points or Dedekind sums, see [10,12].
Corollary 9. Given a Seifert fibered homology sphere Σ(a1, . . . , an) let q = a1 · · ·aj and
p = aj+1 · · ·an be the products of the first j , respectively, last n− j , Seifert invariants,
2 j  n− 2. Then
I∗
(
Σ(a1, . . . , an)
)= I∗(Σ(a1, . . . , aj ,p))⊕ I∗(Σ(q,aj+1, . . . , an)).
Proof. The homology sphere Σ(a1, . . . , an) is the splice of Σ(a1, . . . , aj ,p) and
Σ(q,aj+1, . . . , an) along singular fibers of degrees p and q , see [12]. Both λ- and µ¯-
invariants are additive with respect to splicing, see for instance [12,15]. ✷
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